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In this paper, we theoretically propose and investigate a feasible experimental scheme for realizing the dy-
namical Casimir effect (DCE) of phonons in an optomechanical setup formed by a ground-state precooled
mechanical oscillator (MO) inside a Fabry-Pe´rot cavity, which is driven by an amplitude-modulated classical
laser field in the dispersive (far-detuned) regime. The time modulation of the driving field leads to the paramet-
ric amplification of the mechanical vacuum fluctuations of the MO, which results in the generation of Casimir
phonons over time scales longer than the cavity lifetime. We show that the generated phonons exhibit quadrature
squeezing, bunching effect, and super-Poissonian statistics which are controllable by the externally modulated
laser pump. In particular, we find that the scheme allows for a perfect squeezing transfer from one mechanical
quadrature to another when the laser frequency is varied from red detuning to blue detuning. Moreover, by
analyzing the effect of the thermal noise of the MO environment, we find that there exists a critical temperature
above which there is no phonon quadrature squeezing to occur. We also show that in the presence of time mod-
ulation of the driving laser the linewidth narrowing of the displacement spectrum of the MO can be considered
as a signature of the generation of Casimir phonons.
I. INTRODUCTION
A distinctive feature of the quantum theory of the electro-
magnetic field, and of quantum field theory in general, con-
sists of the existence of quantum vacuum fluctuations which
have no counterpart in the classical world. One of the mani-
festations of such quantum fluctuations in macroscopic level
is the generation of real particles out of the vacuum when the
boundary conditions of the field are varied in time at a fast-
enough rate[1–5], an effect known as the dynamical Casimir
effect (DCE). This effect which arises from a mismatch of vac-
uum modes in time domain, can be explained qualitatively as
a particular case of the parametric amplification of vacuum
fluctuations in the systems with time-dependent parameters
[3, 6, 7]. The possibility of particle creation via the DCE has
been theoretically identified and investigated in a large variety
of systems. Examples range from cosmology, such as parti-
cle creation as a consequence of an expanding gravitational
background [8], to non-stationary cavity QED, such as pho-
ton generation in Fabry-Pe´rot cavities with moving mirrors
[1, 9–14]. Moreover, various theoretical schemes for practical
applications of the DCE have been proposed, including gener-
ation of photons with nonclassical properties [15–17], gener-
ation of atomic squeezed sates [18], generation of multipartite
entanglement in cavity networks [19], and generation of EPR
quantum steering and Gaussian interferometric power [20].
Although motion-induced DCE has been theoretically stud-
ied for more than four decades, the effect has not yet been
demonstrated by experiments directly. The main difficulty is
due to the fact that for a measurable flux of real photons to be
generated, the moving boundaries should oscillate at very high
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frequencies that are not yet experimentally accessible. Con-
sequently, alternative schemes based on imitation of bound-
ary motion have been proposed. For example, the boundary
motion may be replaced by suitable periodic modulation of
the optical properties of the boundary [21–23] or of the opti-
cal path length of a cavity [24–26]. Some other experimental
schemes aiming the observation of the DCE can be found in
[21, 27, 28]. Recently, it has been reported about a successful
implementation of DCE in superconducting circuits through
two independent experiments by fast-modulating either the
electrical boundary condition of a transmission line [29] or
the effective speed of light in a Josephson metamaterial [30].
Besides the DCE for photons, the dynamical Casimir emis-
sion of particles other than photons have also been investi-
gated in recent years. Among the proposed schemes in this di-
rection we can cite, for example, the DCE of phonons in a time
modulated atomic Bose-Einstein condensate (BEC) [31, 32],
dynamical Casimir emission of Bogoliubov excitations in an
exciton-polariton condensate suddenly created by an ultra-
short laser pulse [33], phononic DCE in a time-modulated
quantum fluid of light [34], DCE of magnon excitation in a
spinor BEC driven by a time-dependent magnetic field [35],
DCE of phonons in a gas of laser-cooled atoms with time-
dependent effective charge [36], and the DCE of phonons in a
non-stationary quantum well-assisted optomechanical cavity
driven by an amplitude-modulated external laser pump [37].
In the present paper, we propose and analyze a feasible
experimental scheme to realize the DCE of phonon excita-
tion in the so-called membrane-in-the-middle optomechani-
cal system [38, 39] which is pumped by a far-detuned driv-
ing classical laser and also precooled down to near its ground
state by an auxiliary cavity mode. We show that the time-
modulation of the input power of the pump laser leads to
the parametric amplification of the mechanical vacuum fluc-
tuations of the membrane resulting in pair phonons (Casimir
phonons) creation over time scales longer than the cavity life-
time. By investigating the quantum statistical properties of
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FIG. 1. ( Color online) Schematic description of the system under
consideration. A mechanical oscillator (MO) with effective mass m
and frequency ωm is placed inside a single-mode Fabry-Pe´rot cavity
with length L and frequency ωc. The cavity is first pumped by a far-
detuned classical laser field of frequency ωL and constant power PL
until the cavity mode can adiabatically be eliminated. Then, the cav-
ity is pumped by a driving field with harmonically modulated power
PL(t). Dissipations occur via cavity decay and mechanical damping
with rates κ and γm, respectively. Moreover, the MO is first cryo-
genically precooled and then cooled down to near its ground state by
an auxiliary cavity mode in the resolved sideband and weak coupling
regimes.
the generated Casimir phonons in both red- and blue- detuned
regimes, we find that they exhibit motional quadrature squeez-
ing, bunching effect, and super-Poissonian statistics, which
are controllable through adjusting the parameters of the driv-
ing laser. In particular, the results reveal that whereas the
phonon counting statistics is the same in both red- and blue-
detuned regimes, the motional squeezing can completely be
transferred from one mechanical quadrature to another when
the laser frequency is varied from red detuning to blue detun-
ing. Moreover, phonon quadrature squeezing is sensitive to
the initial mean number of thermal phonons of the MO such
that for temperatures higher than a critical value the generated
phonons exhibit no squeezing, that is why the MO should be
precooled.
The paper is structured as follows. In section II, we describe
the system under consideration and derive an effective system
Hamiltonian in dispersive regime. We also calculate the mean
number of generated Casimir phonons and examine its tem-
poral behavior within as well as beyond the rotating wave ap-
proximation (RWA). In section III, we study the quantum sta-
tistical properties of the generated Casimir phonons, including
mechanical quadrature squeezing and phonon counting statis-
tics. In section IV, we show that the generation of the Casimir
phonons leads to the linewidth narrowing of the displacement
spectrum of the MO. Finally, our conclusions are summarized
in section V.
II. DESCRIPTION OF THE SYSTEM AND DCE OF
PHONONS
A. The system
As shown in Fig. (1), we consider a membrane-in-the-
middle optomechanical system in which a thin dielectric
membrane is placed inside a high-finesse Fabry-Pe´rot cavity
with length L. We also assume that the membrane is precooled
into its ground state. The membrane can be modelled as a
single-mode MO of intrinsic frequency ωm, effective mass m,
and damping rate γm. In the proposed scheme, we assume
that a single cavity mode of natural frequency ωc = pic/L
(in the absence of the middle membrane) and decay rate κ is
driven by a far-detuned classical laser field of frequency ωL
and constant power PL until the cavity mode can adiabatically
be eliminated. Then, the modulation of the driving field is
suddenly switched on according to PL(t) = PL(1 + ε cos(Ωt))
where Ω and ε (< 1) are the frequency and amplitude of
the modulation, respectively. Recently, it has been shown
[40–42] that parametrically modulated optomechanical sys-
tems can be exploited to achieve large degrees of mechani-
cal squeezing as well as to enhance the efficiency of photon-
phonon entanglement. Very recently, in Ref. [43], the authors
have used modulation technique to implement coherent two-
phonon driving, i.e., the degenerate parametric amplification
(DPA) of the mechanical mode in an optomechanical cavity.
They have demonstrated how this system can be used to per-
form single-quadrature detection of a near-resonant narrow-
band force sensing with extremely low added noise. More-
over, the cavity spectral function in their proposed scheme can
become negative under certain condition which is strongly dif-
ferent from a conventional DPA and is responsible for the op-
tomechanical induced transparency (OMIT). Regarding to the
experimental investigation, it has been very recently reported
[44] the observation of two-mode squeezing in the oscillation
quadratures of a thermal micro-oscillator by exploiting para-
metric modulation of the optical spring in an optomechanical
cavity.
In the model under consideration, the single-cavity and me-
chanical modes approximation is an appropriate simplification
provided that the cavity free spectral range is much larger than
the mechanical frequency [45] and the detection bandwidth is
chosen such that it includes only a single, isolated, mechan-
ical resonance and mode-mode coupling is negligible[46].
Furthermore, in this type of optomechanical system the fre-
quency of cavity depends on the MO displacement, q, i.e.,
ωc(q) = ωc + (c/L)cos−1 (|rc| cos(4piq/λc)) [39] where rc and
λc are, respectively, the reflectivity of the MO and the wave-
length of the cavity mode, and the position of the MO is cal-
culated from the anti-node of the cavity field. It has been
shown [47] that this dependence leads to a nonlinear cou-
pling (phonon number-dependent optomechanical coupling)
of the radiation pressure field with the MO through multi-
phonon excitations of the vibrational sidebands. However, by
considering the first excitation of the vibrational sideband in
the limit of very small values of the Lamb-Dicke parameter,
η = (4pi/λc)
√
pi~/(mωm), and for low values of the membrane
reflectivity, the phonon number dependence of the optome-
chanical coupling can be neglected [48]. Under these condi-
tions, the total Hamiltonian of the system in a frame rotating
at the laser frequency ωL can be written as
Hˆ = ~∆caˆ†aˆ + ~ωmbˆ†bˆ − ~g0aˆ†aˆ(bˆ + bˆ†) +i~EL(aˆ† − aˆ), (1)
where aˆ (aˆ†) and bˆ (bˆ†) denote, respectively, the annihilation
(creation) operators of the single-mode cavity field and the
mechanical motion of the MO, the parameter ∆c = ωc − ωL
is the detuning of the cavity mode from laser frequency, and
3g0 = xzpfdωc(q)/dq with xzpf =
√
~/(2mωm) being the zero-
point position fluctuation, is the single-photon optomechani-
cal coupling strength. The first and the second terms in Eq.
(1) denote the cavity mode energy and the mechanical mode
energy, respectively. The third term describes the optome-
chanical coupling of the MO to the cavity mode via radiation
pressure. It is worthwhile to mention that the optomechanical
coupling has been widely employed in a large variety of appli-
cations including detection and interferometry of gravitational
waves [49], displacement and force sensing [50–55], ground
state cooling of the MO [56–58] and generation of nonclassi-
cal states of the mechanical and optical modes [59, 60]. The
last term in the Hamiltonian of Eq. (1) describes the driv-
ing of the intracavity mode with the input laser amplitude
EL =
√
κPL/~ωL.
The dynamics of the system is fully characterized by the
fluctuation-dissipation processes affecting both the optical and
the mechanical modes. We describe the effect of the fluctua-
tions of the vacuum radiation input and the Brownian noise
associated with the coupling of the MO to its thermal envi-
ronment within the input-output formalism of quantum op-
tics. For the given Hamiltonian (1) this results in the nonlinear
quantum Langevin equations
˙ˆa = −i∆caˆ + ig0aˆ(bˆ + bˆ†) + EL − κ2 aˆ +
√
κaˆin, (2a)
˙ˆb = −iωmbˆ + ig0aˆ†aˆ − γm2 bˆ +
√
γmbˆin, (2b)
in which the cavity-field quantum vacuum fluctuation aˆin and
the motional quantum fluctuation bˆin satisfy the commutation
relations
[
aˆin(t), aˆ
†
in(t
′)
]
=
[
bˆin(t), bˆ
†
in(t
′)
]
= δ(t − t′). In the
limit of high mechanical quality factor Qm = ωm/γm  1
and when ~ωm  kBT where kB is the Boltzmann constant
and T is the temperature of the mechanical bath, bˆin satis-
fies the nonvanishing Markovian correlation functions [61]
〈bˆ†in(t)bˆin(t′)〉 = n¯mδ(t − t′), 〈bˆin(t)bˆ†in(t′)〉 = (n¯m + 1)δ(t − t′)
where n¯m = (exp(~ωm/kBT ) − 1)−1 is the mean thermal exci-
tation number of the MO. Furthermore, the nonvanishing cor-
relation function of the input vacuum noise is given by [62]
〈aˆin(t)aˆ†in(t′)〉 = δ(t − t′).
If the cavity is intensely driven so that the intracavity field is
strong which is realized for high-finesse cavities and enough
driving power, the quantum Langevin equations 2(a) and 2(b)
can be solved analytically by adopting a linearization scheme
in which the operators are expressed as the sum of their clas-
sical mean values and small fluctuations, i.e., aˆ = α + δaˆ and
bˆ = β + δbˆ with 〈δrˆ†δrˆ〉/〈rˆ†rˆ〉  1 (r = a, b). The classical
amplitudes α = 〈aˆ〉 and β = 〈bˆ〉 are governed by equations
α˙ = −(κ/2 + i∆¯c)α + EL and β˙ = −(γm/2 + iωm)β + ig0|α|2
where ∆¯c = ∆c − 2g0Reβ. The dynamics of the quantum fluc-
tuations can be described by the linearized quantum Langevin
equations
δ ˙ˆa=−(i∆c + κ2)δaˆ + ig(δbˆ + δbˆ
†)+
√
κaˆin, (3a)
δ ˙ˆb=−(iωm+ γm2 )δbˆ + ig(δaˆ + δaˆ
†)+
√
γmbˆin, (3b)
where g = g0αss is the coherent intracavity-field-enhanced op-
tomechanical coupling strength with αss = EL/(κ/2 + i∆¯c) be-
ing the steady-state value of αwhich is always possible to take
as a real number by an appropriate redefinition of phases. As-
suming the driving field is sufficiently far-detuned away from
the cavity resonance, i.e., |∆c|  κ, ωm, g0, one can approxi-
mate ∆¯c ≈ ∆c for small values of the MO displacement which
means that ∆c  g0Reβ. Furthermore, when the cavity de-
cay rate κ is much larger than the decay rate of the MO and
the coupling strength (κ  γm, g0), the cavity field may be
adiabatically eliminated on time scales greater than κ−1. By
integrating from both sides of Eq. 3(a), neglecting the fast
oscillating terms due to the large detuning, and inserting the
resulting expression for δaˆ(t) into Eq. 3(b) one arrives at an
effective equation of motion for the operator δbˆ(t)
δ ˙ˆb(t)=−i(ωm+ γm2 )δbˆ + 2i
g2
∆c
(δbˆ+ δbˆ†)+Fˆb, (4)
where
Fˆb = ig
√
κ
(
Fˆa + Fˆ†a
)
+
√
γmbˆin, (5)
is the generalized non-Markovian noise operator with Fˆa(t) =
e−(i∆c+κ/2)t
∫ t
0 dt
′aˆin(t′)e(i∆c+κ/2)t
′
. It should be noted that the
first term in Eq. (5) is a colored (non-Markovian) noise in-
duced by the adiabatic elimination of the cavity mode, and
the second term is a white (Markovian) noise. Under the
Markov approximation and for times longer than κ−1 the noise
operator Fˆa can be approximately written as Fˆa ' 2aˆin(1 −
e−(i∆c+κ/2)t)/(κ+2i∆c) ' 2aˆin/(κ+2i∆c) which in the dispersive
regime (|∆c|  κ, ωm, g0) becomes Fˆa ' (1+ iκ/2∆c)/(i∆c)aˆin.
In this manner Eq. (5) can be simplified as
Fˆb =
√
γm
(
bˆin + ξ(aˆinδ − aˆ†inδ∗)
)
, (6)
where we have defined ξ = (g/∆c)
√
κ/γm and δ = 1 +
iκ/2∆c = 1 + i(
√
κγm/2g)ξ. As is clear, in the adiabatic limit
(κ  γm), depending on the value of g/|∆c|, two different
cases can be identified: |ξ|  1 and |ξ|  1. In the first
case which corresponds to g/|∆c| 
√
κ/γm  1, one has
Fˆb ≈ √γmξ(aˆinδ − aˆ†inδ∗) whereas in the second case, corre-
sponding to g/|∆c|  1 
√
κ/γm, one gets Fˆb ≈ √γmbˆin.
Both cases are generally achievable by controlling the effec-
tive linearized optomechanical coupling strength g = g0αss
through input laser power PL(of course, due to the dispersive
approximation we have always g0  |∆c|). Thus, the param-
eter ξ can be identified as an effective control parameter by
which the noise induced on the MO can be controlled. How-
ever, the experimental realization of the system under con-
sideration shows |ξ|  1 (e.g., for the experimental values
given in Ref. [63] we obtain |ξ| ∼ 10−3). Therefore, we
keep terms up to second order in ξ since, as we will show
later, the leading terms dependent on this parameter appear-
ing in the relevant physical quantities such as the generated
Casimir phonon number and the squeezing parameter are of
order ξ2. Within this approximation, the noise operator Fˆb sat-
isfies the commutation relation
[
Fˆb(t), Fˆ
†
b(t
′)
]
= γmδ(t−t′) and
obeys the correlation functions 〈Fˆb(t)Fˆb(t′)〉 = −γmξ2δ(t− t′),
〈Fˆb(t)Fˆ†b(t′)〉 = γm
(
(1 + n¯m) + ξ2
)
δ(t − t′) and 〈Fˆ†b(t)Fˆb(t′)〉 =
γm
(
n¯m + ξ2
)
δ(t − t′).
4It is clear from the equation of motion (4) that in the dis-
persive regime and under adiabatic elimination of the cavity
field the dynamics of quantum fluctuations of the MO in the
Schro¨dinger picture is governed by the effective Hamiltonian
Hˆe f f = ~Ωmδbˆ†δbˆ − ~χ0(δbˆ2 + δbˆ†2), (7)
in which χ0 = g2/∆c and Ωm = ωm − 2χ0 is the shifted fre-
quency of the MO due to the radiation pressure, known as the
optical spring effect [64]. In the rotating frame at frequency
Ωm and within the rotating wave approximation (RWA) the
effective Hamiltonian (7) reduces to zero Hamiltonian of the
form
H (I)e f f ,RWA = ~χ0(δbˆ2e−2iΩmt + δbˆ†2e+2iΩmt) ≈ 0. (8)
We now assume that the cavity is driven by a pump field
with harmonically modulated power PL(t) = PL(1+ε cos(Ωt)).
Because of the adiabatic elimination of the optical field the
cavity decay can be avoided and thus we consider the time
scales greater than κ−1. The modulation of the input power
implies that we will now take χ0 → χ(t) = χ0(1 + ε cos(Ωt)).
Accordingly, the Hamiltonian (7) takes the form
ˆ˜He f f = ~Ωm(t)δbˆ†δbˆ − ~χ(t)(δbˆ2 + δbˆ†2), (9)
where Ωm(t) = Ωm − 2χε cos(Ωt) with χε = εχ0. Now, by
choosing the condition such that Ω = 2Ωm = 2(ωm − 2χ0)
and applying the RWA to neglect the fast oscillating terms
δbˆ2e−2iΩmt, δbˆ†2e2iΩmt, and χε cos(Ωt)δbˆ†δbˆ which can be sat-
isfied when one looks at the system on a time scale larger than
mechanical frequency, t  ω−1m , one can obtain the effective
Hamiltonian in the frame rotating at the shifted frequency of
the MO, Ωm, as follows
ˆ˜H(I)e f f ,RWA = −~
χε
2
(δbˆ2 + δbˆ†2), (10)
or in the Schro¨dinger picture
ˆ˜He f f ,RWA =~Ωmδbˆ†δbˆ − ~χε2 (δbˆ
2e2iΩmt+δbˆ†2e−2iΩmt). (11)
The Hamiltonian of Eq. (10) describes a phonon analog of
the degenerate optical parametric amplification (DPA) where
the vibrational fluctuation of the MO plays the role of the sig-
nal mode in the DPA. Besides, the parameter χε, which is
controllable through the optomechanical coupling strength g,
detuning ∆c, and amplitude of modulation ε, acts as the nono-
linear gain parameter. Accordingly, it is expectable that in
the far-detuned regime of cavity pumping with an amplitude-
modulated drive the amplification of quantum fluctuations of
the MO, i.e., the generation of Casimir phonons, will be pos-
sible over time scales longer than κ−1. It is emphasized that
our proposed scheme for generation of phonons is different
from the well-known process of nondegenerate (spontaneous)
phonon emission [65] where energy is transferred between the
driving laser and the joint excitations of the optical and the
mechanical mode, resulting in the parametric amplification of
the mechanical oscillator (i.e., the parametric oscillatory insta-
bility [49]. It should be noted that although Eq. (4) requires
only |∆c|  κ, Eqs. (10) and (11) require that |∆c|  κ ≥ ωm
(unresolved sideband and far-detuned regimes). Moreover,
working in the far-detuned regime together with the single-
cavity mode approximation one needs to consider quite short
cavities such that the separation between the optical modes,
i.e., free spectral range (FSR), is larger than the cavity de-
tuning, i.e., FSR  |∆c| where FSR = κF and the coef-
ficient of finesse F in the Fabry-Pe´rot cavity is defined as
F = pic/(2κL). In the following, we determine the dynam-
ics of the quadrature fluctuations of the MO by which we will
calculate the mean number of generated Casimir phonons and
will investigate their quantum statistical properties in the sub-
sequent sections.
Generally, the Langevin equation for the fluctuation opera-
tor δbˆ in the interaction picture is given by
δ ˙ˆb =−iΩm(t)δbˆ − γm2 δbˆ + 2iχ(t)δbˆ
†+Fˆb(t), (12)
from which one can obtain the following equations of motion
for the canonical mechanical quadrature fluctuation operators
δXˆ = (δbˆ + δbˆ†)/2 and δPˆ = i(δbˆ† − δbˆ)/2,
δ ˙ˆX = (2χ(t) + Ωm(t)) δPˆ − γm2 δXˆ + Xˆin, (13a)
δ ˙ˆP = (2χ(t) −Ωm(t)) δXˆ − γm2 δPˆ + Pˆin, (13b)
where Xˆin = (Fˆb + Fˆ
†
b)/2 and Pˆin = i(Fˆ
†
b − Fˆb)/2. In the inter-
action picture and under RWA the above equations of motion
take the form
δ ˙ˆX = χεδPˆ − γm2 δXˆ + Xˆin, (14a)
δ ˙ˆP = χεδXˆ − γm2 δPˆ + Pˆin, (14b)
which can be expressed in the compact matrix form
˙ˆu(t) = Auˆ(t) + Nˆ(t), (15)
where the vector fluctuation and the corresponding vector
noise are uˆ(t) = (δXˆ(t), δPˆ(t))T and Nˆ(t) = (Xˆin, Pˆin)T , re-
spectively. Furthermore, the time-independent drift matrix A
is given by
A =
( − γm2 χε
χε − γm2
)
. (16)
Stability of the dynamics encompassed by Eq. (15) can be ob-
tained from the Routh-Hurwitz criterion [66] which requires
that γm > 2 |χε|. It should be mentioned that since detuning
can be negative (blue detuning) or positive (red detuning), χε
can be negative or positive. The formal solution of Eq. (15) is
given by
uˆ(t) = eA(t−t0)uˆ(t0) +
∫ t
t0
dt′eA(t−t
′)Nˆ(t′). (17)
By solving the eigenvalue problem for the matrix A we find
the eigenvalues λ1,2 = −γm(1 ± 2sε)/2 where sε = χε/γm, and
the eigenvectors
∣∣∣λ1,2〉 = 1/√2(1,∓1)T . It should be men-
tioned that the stability condition in terms of sε is given by
5|sε| < 1/2. In our formulation the red and blue detuning
cases are, respectively, associated with positive and negative
values of sε. It is evident that the replacements sε → −sε
and λ1 ↔ λ2 are equivalent to moving from the red-detuned
(∆c > 0) to the blue-detuned (∆c < 0) regime. By using a uni-
tary transformation with the time-independent unitary matrix
R = (|λ1〉 , |λ2〉), Eq. (15) is transformed into
˙˜ˆu = Ad ˆ˜u + ˆ˜N, (18)
where ˆ˜u = R†uˆ = 1/
√
2(δXˆ − δPˆ, δXˆ + δPˆ)T , ˆ˜N = R†Nˆ =
1/
√
2(Xˆin − Pˆin, Xˆin + Pˆin)T , and Ad = R†AR = Diag(λ1, λ2).
The solution of the transformed Eq. (18) is given by
ˆ˜ui(t)=eλi(t−t0) ˆ˜ui(t0)+
∫ t
t0
dt′eλi(t−t
′) ˆ˜N i(t′) (i =1, 2). (19)
In particular, the transformed symmetric covariance matrix V˜
with entries given by V˜i j(t) := 〈 ˆ˜ui(t) ˆ˜u j(t) + ˆ˜u j(t) ˆ˜ui(t)〉/2 fully
characterizes the quantum dynamics of the quadrature fluctu-
ations of the MO. From Eq. (19) the equation of motion of V˜
is obtained as
dV˜(t)
dt
= AdV˜(t) + V˜(t)ATd + D˜, (20)
where D˜ is the diffusion matrix, the matrix of noise correla-
tion, defined as
D˜i jδ(t − t′) = 12 〈
ˆ˜N i(t) ˆ˜N j(t′) + ˆ˜N j(t′) ˆ˜N i(t)〉, (21)
with D˜11 = D˜22 = γm/4C(1 + 2n¯m) and D˜12 = D˜21 = (1−C)/4
where C = 1 + 2ξ2/(1 + 2n¯m).
B. Mean number of generated Casimir phonons
Having determined the temporal evolution of the mechani-
cal quadrature fluctuations, we now proceed to calculate the
mean number of generated Casimir phonons. We assume
that the precooled MO is initially in the thermal state, i.e.,
V˜ii(0) = 0.25(1 + 2n¯m), then
V˜1,2(t)=
1+2n¯m
4
[ C
1 ± 2sε + e
2λ1,2t(
1−C± 2sε
1 ± 2sε )
]
, (22)
where V˜i ≡ V˜ii. The mean number of generated phonons at
time t can be extracted from the covariance matrix, n(t) =
〈δ ˆ˜b†δ ˆ˜b〉 = V˜1 + V˜2 − 1/2, which reads as
n(t)=nss+
1+2n¯m
4
[
1−C+2sε
1 + 2sε
e2λ1t+
1−C−2sε
1 − 2sε e
2λ2t
]
, (23)
where the steady-state mean value is given by nss =(
2(C − 1) + 4Cn¯m + 8s2ε
)
/
(
4(1 − 4s2ε)
)
. Equation (23) shows
that, as expected, the initial mean phonon number is equal to
the bath phonon number, i.e, n(0) = n¯m. Moreover, in the ab-
sence of time modulation of the driving laser Eq. (23) reduces
to n(t)|ε=0 = n¯m + ξ2(1 − e−γmt)  n¯m = n(0) (the parameter ξ
is vanishingly small).
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itself is controllable through the pump power PL, detun-
ing ∆c, and amplitude of pump modulation ε, because
sε = 0.5ε(PL/P0)g
2
0/(∆cγm) where P0 = ~ωL∆2c/κ. In
Fig. 2(c) we compare the analytical solution based on
RWA against the numerical solution beyond RWA, tak-
ing to account the contribution of the CRTs. As is seen
clearly, incorporation of the CRTs, apart from tiny and
fast oscillations in the long-time behaviour of the me-
chanical squeezing, does not produce any difference com-
pared to the result predicted by the RWA. The phase-
space description of the mechanical squeezing is shown
in Fig. 2(d). It is clear from Eq.(22) that if sε → −sε
the mechanical squeezing is transferred from the quadra-
ture Xˆθ=pi/4 to the quadrature Xˆθ=−pi/4. In other words,
the mechanical quadratures Xˆθ=pi/4 and Xˆθ=−pi/4 exhibit
squeezing, respectively, in the red-detuned and blue-
detuned regime. The generated motional squeezing is
vulnerable to the embrane environment temperature
such that for temperatures higher than a critical value,
Tcr, no quadrature squeezing of the membrane occurs.
To determine Tsr we rewri e the squeezing parameter for
the red-detuned regime (sε > 0) as Si = A
±
ss + B±e
2λit
(i = 1, 2 where i = 1 corresponds to “+” and i = 2
corr sponds to “−”) with
A±ss =
C − 1 + 2Cn¯m − (±2sε)
1± 2s , (23a)
B± = C 1 + 2n¯m
1± 2sε
1− C ± sε
C . (23b)
The squeezing criterion (Si < 0) requires that the condi-
tions A±ss ≤ 0 and B± ≤ −A±ss together with n¯m ≥ 0 are
satisfied simultaneously. It is straightforward to show
that in the case of red-detuning (0 < sε < 1/2) these
conditions can only be satisfied for i = 1 resulting in
a constraint on the thermal excitation number n¯m, i.e.,
0 ≤ n¯m ≤ (1/2) ((1− C + 2sε)/(3C − 1 + 2sε)). It is ob-
vious that for the case of blue detuning (−1/2 < sε < 0)
the squeezing can only be occurred in the second quadra-
ture (i = 2). Therefore, considering both cases of red-
and blue- detuned regime, the squeezing condition can
generally be expressed as
n¯m ≤ ncr = 1
2
1− C + 2 |sε|
3C − 1 + 2 |sε| , (24)
in which ((C − 1)/2) ≤ |sε| < 1/2. By using the rela-
tion C = 1 + 2ξ2/(1 + 2n¯m) and making some algebraic
simplification, the critical thermal excitation number ncr
can be written as
ncr=
√
(1+3ξ2)2+4(ξ2+|sε|)(1+|sε|)−(1 +3ξ2)
4(1+|sε|) .(25)
In the limiting case |sε| → 1/2 and C → 1 one finds
ncr = 1/6. Now by considering n¯m = kBT/~ωm, we can
express the squeezing condition in terms of temperature
as T ≤ Tcr where the critical temperature is given by
Tcr = ~ωmncr/kB .
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FIG. 3. (Color online) (a) Mean number of generated Casimir
phonons obtained analytically within the RWA as a function
of γmt for two positive values of sε (red-detunned regime).
(b) Comparison of the temporal behaviour of nb(t) as pre-
dicted by RWA (red line) and the result given by numerical
calculation beyond the RWA (black line) for sε = 0.44. The
inset shows the tiny and fast oscillations resulting from the
CRTs. The optomechanical and driving laser parameter are
as in Fig. (2).
The mean number of generated phonons at time t can
be extracted from the covariance matrix, nb = ⟨ˆ˜b†ˆ˜b⟩ =
V˜1 + V˜2 − 1/2, which reads as
nb(t) =
1
4
[
4nss + (1 + 2n¯m)(
1− C + 2sε
1 + 2sε
e2λ1t
+
1− C − 2sε
1− 2sε e
2λ2t)
]
, (26)
where the steady-state mean value is given by nss =(
2(C − 1) + 4Cn¯m + 8s2ε
)
/
(
4(1− 4s2ε)
)
.
As is evident from Eq.(26), nb(t) is invariant under the
replacements sε → −sε and λ1 ↔ λ2, which indicates
that the mean number of generated phonons is equal
for both cases of red-and blue-detuned regimes. How-
ever, the phonons generated in the red-detuned regime
have lower frequency than those generated in the blue-
detuned regime such that Ωredm = ωm−2|χ0| and Ωbluem =
ωm + 2|χ0|. This difference is expectable since on the
red-detuning side the optomechanical coupling generates
a net energy transfer from the MO into the cavity while
on the blue- detuning side, the driving laser gives rise to
an energy transfer into the MO.
IV. PHONON COUNTING STATISTICS
In this section, we study the phonon counting statis-
tics, including autocorrelation function and the Mandel
parameter. In particular, we will show how one can ma-
nipulate the phonon statistics through controlling the
parameters of the external modulated pumping and op-
tomechanical parameters.
The autocorrelation function is proportional to the
probability of detecting one phonon at time t+ τ , given
that another phonon was detected at earlier time t. It is
defined by
g(2)(τ) =
⟨
ˆ˜
b†(t)ˆ˜b†(t+ τ)ˆ˜b(t+ τ)ˆ˜b(t)
⟩
⟨
ˆ˜
b†(t)ˆ˜b(t)
⟩2 . (27)
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FIG. 2. (Color online) (a) Mean number of generated Casimir
phonons obtained analytically within the RWA as a function of γmt
(Eq. (24)) for two positive values of sε (red-detunned regime). (b)
Comparison of the temporal behaviour of nCasimir(t) as predicted by
RWA (red line) a d the result given by the numerical calculation b -
yond the RWA (black line) through e solution of Eq. (12) including
the CRTs for sε = 0.44. The inset shows the tiny and fast oscillations
resulting from the CRTs.
Since we would like to study the generated Casimir
phonons due to amplification of the mechanical vacuum
fluctuations, we separate the contributions of the generated
Casimir and the thermal phonons in Eq. (23) as n(t) =
nCasimir(t) + nth(t), wher
nCasimir(t)=
2s2ε+ξ
2
1 − 4s2ε
+
1
2
[
sε−ξ2
1+2sε
e2λ1t− sε+ξ
2
1−2sε e
2λ2t
]
, (24)
nth(t)= n¯m
[
1
1 − 4s2ε
+ sε
(
e2λ1t
1 + 2sε
− e
2λ2t
1 − 2sε
)]
. (25)
To examine the effect of the external pump modulation on the
mean number of generated Casimir phonons, in Fig. 2(a) we
have plotted nCasimir(t) obtained analytically within the RWA,
versus the scaled time γmt for two positive values of sε (red-
detuned r g me). As can be seen, wi h ncreasing sε toward its
maximu value (< 0.5) the rate of Casimir phonon generation
increases. This shows that time-modulated pumping of the
MO is responsible for the generation of Casimir phonons. In
other words, energy can be transfered from coherent external
driving to the mechanical vacuum fluctuations and leads to its
parametric amplification. The number of generated phonons
can be controlled via the pump power PL, detuning ∆c, and
amplitude of pump modulation ε. In fig. 2(b) we illustrate the
effect of CRTs on the temporal behaviour of the mean number
of g nerated phonons . From this figure, we find that taking
into account the CRTs does not lead to any difference com-
pared to the result predicted by the RWA, except for tiny and
fast oscillations in the long-time limit. As can be seen from
Eq. (25), nssth/n
ss
Casimir = 0.5n¯m/s
2
ε ≤ 2n¯m, which indicates that
the steady-state mean number of generated thermal phonons
can be greater than or equal to the mean number of generated
Casimir phonons if n¯m ≥ 2s2ε.
Here, we have used typical experimental values for
the optomechanical parameters reported in [63] for a SiN
membran -in-the-middle optomechanical cavity with length
L = 6.7cm, mass m = 4 × 10−8g, lowest frequency ωm/2pi =
134KHz, damping rate γm/2pi = 0.12Hz, cavity decay rate
κ/2pi = 5×105Hz and FSR ' 2.8×1010 Hz with optomechan-
ical strength g0/2pi = 50Hz. The reflectivity of the membrane
and its size are |rc| = 0.42 and 1mm ×1mm ×50nm, respec-
tively. The membrane can be initially cryogenically precooled
6to T = 300mK. It should be pointed out that the ground-state
precooling of the MO can be experimentally achieved [63]
based on the quantum theory of cavity-assisted sideband cool-
ing [67]: after cryogenically precooling of the membrane in
the resolved sideband and weak coupling regimes [63, 67] by
an auxiliary input laser power Pin ' 0.1nW, it can be cooled
down to its ground state (n¯m ≤ 0.1) by using an auxiliary
cavity mode with κaux/2pi ' 8KHz. After ground-state cool-
ing the membrane remains only in the weak coupling regime
(Γopt  κaux ∼ ωm).
As is evident from Eqs. (23-25), nCasimir(t) (n(t)) is invariant
under the replacements sε → −sε and λ1 ↔ λ2, which indi-
cates that the mean number of generated phonons is equal for
both cases of red- and blue- detuned regimes. However, the
phonons generated in the red-detuned regime have lower fre-
quency than those generated in the blue-detuned regime such
that ΩredCasimir = ωm − 2|χ0| and Ωbluecasimir = ωm + 2|χ0|. This
difference is expectable since on the red-detuning side the op-
tomechanical coupling generates a net energy transfer from
the MO into the cavity while on the blue-detuning side, the
driving laser gives rise to an energy transfer into the MO.
III. QUANTUM STATISTICAL PROPERTIES OF THE
GENERATED CASIMIR PHONONS
A. Phonon quadrature squeezing
If we define the generalized quadrature fluctuation opera-
tors δXˆθ = (δbˆeiθ + δbˆ†e−iθ)/2 and δPˆθ = i(δbˆ†e−iθ − δbˆeiθ)/2
with δ ˆ˜b ≡ δbˆeiθ, then ˆ˜u1,2 = δXˆθ=pi/4,−pi/4. If either Var(δXˆθ=pi/4)
or Var(δXˆθ=−pi/4), where Var(δXˆθ) = 〈(δXˆθ)2〉 − 〈δXˆθ〉2, is less
than 1/4 the state of the MO exhibits quadrature squeezing.
The degree of squeezing can be measured by the squeezing
parameter S i (i = 1, 2) defined by S i = 4Var(δXˆi)−1 = 4V˜i−1
where i = 1 and i = 2 correspond, respectively, to θ = pi/4 and
θ = −pi/4. Then, the condition for squeezing in the quadrature
component can be simply written as S i < 0. In the absence
of the time modulation of the driving laser (ε = 0), one has
sε = 0, λ1 = λ2 = γm/2 and consequently the squeezing pa-
rameter reads as S 1|ε=0 = S 2|ε=0 = 2n¯m + 2ξ2(1 − e−γmt) > 0,
which shows that neither S 1 nor S 2 shows quadrature squeez-
ing in the course of time evolution. Numerical results cor-
responding to the time evolution of the squeezing parame-
ter S 1 and S 2 obtained analytically within the RWA for the
case of time modulated pumping (ε , 0) and for two positive
values of sε (red-detuned regime) are, respectively, shown in
Figs. 3(a) and 3(b) based on the experimentally feasible pa-
rameters given in Ref. [63]. As can be seen, in this case
one of the quadratures is always squeezed (S θ=pi/4 < 0) if
n¯m  1. In the steady state, the squeezing parameter reaches
((C − 1) + 2Cn¯m ∓ 2sε) /(1 ± 2sε). As can be seen, by in-
creasing n¯m the quadrature squeezing rapidly disappears. It
is evident that if n¯m  1, then %50 noise reduction in the
quadrature δXˆθ=pi/4 is achievable when sε → 0.5. Based on
the result obtained in Fig. 3(a) one can control the quadrature
squeezing of the generated Casimir phonons by the parame-
ter sε which itself is controllable through the pump power PL,
detuning ∆c, and amplitude of pump modulation ε, because
sε = 0.5ε(PL/P0)g20/(∆cγm) where P0 = ~ωL∆
2
c/κ. In Fig.
3(c) we compare the analytical solution based on RWA against
the numerical result beyond the RWA, obtained from the so-
lution of Eq. (12) including the CRTs. As is seen clearly,
incorporation of the CRTs, apart from tiny and fast oscilla-
tions in the long-time behaviour of the mechanical squeezing,
does not produce any difference compared to the result pre-
dicted by the RWA. The phase-space description of the me-
chanical squeezing is shown in Fig. 3(d). It is clear from Eq.
(22) that if sε → −sε the mechanical squeezing is transferred
from the quadrature δXˆθ=pi/4 to the quadrature δXˆθ=−pi/4. In
other words, the mechanical quadratures δXˆθ=pi/4 and δXˆθ=−pi/4
exhibit squeezing, respectively, in the red-detuned and blue-
detuned regime.
The generated motional squeezing is vulnerable to the
membrane environment temperature such that for tempera-
tures higher than a critical value, Tcr, no quadrature squeez-
ing of the membrane occurs. To determine Tcr, we rewrite
the squeezing parameter for the red-detuned regime (sε >
0) as S i = A±ss + B±e2λit (i = 1, 2 where i = 1 corre-
sponds to “+” and i = 2 corresponds to “−”) with A±ss =
(C − 1 + 2Cn¯m − (±2sε))/(1 ± 2sε) and B± = (1 + 2n¯m)(1 −
C ± 2sε)/(1 ± 2sε). The squeezing criterion (S i < 0) re-
quires that the conditions A±ss ≤ 0 and B± ≤ −A±ss together
with n¯m ≥ 0 are satisfied simultaneously. It is straightfor-
ward to show that in the case of red-detuning (0 < sε < 1/2)
these conditions can only be satisfied for i = 1 resulting
in a constraint on the thermal excitation number n¯m, i.e.,
0 ≤ n¯m ≤ (1/2) ((1 − C + 2sε)/(3C − 1 + 2sε)). It is obvious
that for the case of blue detuning (−1/2 < sε < 0) the squeez-
ing can only be occurred in the second quadrature (i = 2).
Therefore, considering both cases of red- and blue- detuned
regime, the squeezing condition can generally be expressed as
n¯m ≤ ncr = 12
1 − C + 2 |sε|
3C − 1 + 2 |sε| , (26)
in which ((C−1)/2) ≤ |sε| < 1/2. By using the relationC = 1+
2ξ2/(1 + 2n¯m) and making some algebraic simplification, the
critical thermal excitation number ncr can be written as ncr =
(
√
(1 + 3ξ2)2 + 4(ξ2 + |sε|)(1 + |sε|)−(1+3ξ2))/(4(1+|sε|)). In
the limiting case |sε| → 1/2 and C → 1 one finds ncr = 1/6 ≈
0.166. Now by considering n¯m = (exp(~ωm/kBT ) − 1)−1, we
can express the squeezing condition in terms of temperature
as T ≤ Tcr where the critical temperature is given by Tcr =
~ωm/(kBln(1 + n−1cr )).
Based on Eq. (26) in order that the generated Casimir
phonons exhibit quadrature squeezing not only at steady state
but also during transient state, the MO should be precooled
down to its ground state that was explained in the previ-
ous section. Moreover, numerical calculations shows that if
nm & 0.45 no squeezing occurs even in the steady state.
Here, it is worth to mention that the generated mechanical
squeezing in the present scheme can be detected based on an
experimentally feasible method proposed in Ref. [68]. The
mechanical fluctuation quadratures δXˆ and δPˆ can be mea-
sured by homodyning the output field of another ancilla cavity
mode with an appropriate phase, and driven by a much weaker
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TABLE I. Different sets of experimental data in the different regimes of optomechanics for generation of different values of sε.
reported experimental optomechanical parametersa laser’s variable b
m[ng] ωm
2pi
[Hz] γm
2pi
[Hz] g0
2pi
[Hz] κ
2pi
[Hz] ωc[Hz] F ∆cFSR PL[mW] εPL[mW] sε gκ χ0[Hz] ξ
1100 9.7× 103 1.3× 10−2 22 4.7× 105 1.77× 1015 4× 104 ±0.03 63.5− 15.8 1.3− 5.3 0.11− 0.44 0.013 0.4 10−2
0.048 1.05× 107 3.2× 10 200 2× 105 7.54× 109 3× 1010 10−6 6.8− 1.7 0.6− 2.4 0.11− 0.44 2.4 247 10−3
0.048 1.05× 107 3.2× 10 200 2× 105 7.54× 109 3× 1010 −10−6 59− 14.8 5.2− 21 0.11− 0.44 2.4 247 10−3
2
⟨ ˆ˜N i(t) ˆ˜N j(t′) + ˆ˜N j(t′) ˆ˜N i(t)⟩, (21)
with D˜11 = D˜22 = γm/4C(1 + 2n¯m) and D˜12 = D˜21 =
(1− C)/4 where C = 1 + 2ξ2/(1 + 2n¯m).
III. MECHANICAL SQUEEZING AND
PHONON GENERATION
Having determined the temporal evolution of the me-
chanical quadrature fluctuations, we now proceed to con-
sider the quadrature squeezing of the MO and the mean
number of generated phonons. We assume that the MO is
initially in the thermal state, i.e., V˜ii(0) = 0.25(1+2n¯m),
then
V˜1,2(t) =
1+2n¯m
4
[ C
1± 2sε+e
2λ1,2t(
1−C± 2sε
1± 2sε )
]
,(22)
where V˜i ≡ V˜ii. If we define the generalized quadrature
fluctuation operators Xˆθ = (bˆe
iθ + bˆ†e−iθ)/2 and Pˆθ =
i(bˆ†e−iθ− bˆeiθ)/2 with ˆ˜b ≡ bˆeiθ, then ˆ˜u1,2 = Xˆθ=pi/4,−pi/4.
If either δXˆ2θ=pi/4 or δXˆ
2
θ=−pi/4 is less than 1/4 the state
of the MO exhibits quadrature squeezing. The degree
of squeezing can be measured by the squeezing parame-
ter Si (i = 1, 2) defined by Si = 4δXˆ
2
i − 1 = 4V˜i − 1
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2
1− C + 2 |sε|
3C − 1 + 2 |sε| , (26)
in which ((C − 1)/2) ≤ |sε| < 1/2. By using the relation C =
1 + 2ξ2/(1 + 2n¯m) and making some algebraic simplification,
the critical thermal excitation number ncr can be written as ncr =
(
√
(1 + 3ξ2)2 + 4(ξ2 + |sε|)(1 + |sε|)− (1 + 3ξ2))/(4(1 + |sε|)).
In the limiting case |sε| → 1/2 and C → 1 one finds ncr = 1/6 ≈
0.166. Now by considering n¯m = (exp(h¯ωm/kBT)− 1)−1, we
can express the squeezing condition in terms of temperature
as T ≤ Tcr where the critical temperature is given by Tcr =
h¯ωm/(kBLn(1 + n−1cr )).
Based on the Eq. (26) if we want to have mechanical squeez-
ing all the time not only in the steady state, the MO should
be precooled down to its ground state (n¯m ≤ 0.16) by an aux-
iliary mode [? ? ? ? ]. Therefore, T and n¯m are the effective
temperature and the effective phonon number of the MO after
cooling process. Moreover, numerical calculations shows that
if nm ≥ 0.4 no squeezing occurs even in the steady state. In the
other words, by increasing the n¯m, the mechanical squeezing
decreases rapidly. There are several experimental verifications
and theoretical schemes for the ground state cooling of the MO
[? ? ? ] which show our proposed scheme is realizable.
B. phonon counting statistics
We now proceed to study the counting statistics of the generated
Casimir phonons, including autocorrelation function and the
Mandel parameter. In particular, we will show how one can ma-
nipulate the phonon statistics through controlling the external
modulated pumping and the optomechanical parameters.
The autocorrelation function is proportional to the proba-
bility of detecting one phonon at time t + τ, given that an-
other phonon was detected at earlier time t. It is defined
by g(2)(τ) = 〈δˆb˜†(t)δ ˆ˜b†(t + τ)δ ˆ˜b(t + τ)δ ˆ˜b(t)〉/〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2.
When g(2)(τ)/g(2)(0) < 1 the phonons tend to distribute them-
selves preferentially in bunches rather than at random (phonon
bunching). On the other hand, if g(2)(τ)/g(2)(0) > 1, fewer
phonons pairs are detected close together than further apart
Fig. 3. ( Color online) (a) Squeezing parameter S1 = Sθ=pi/4 and (b) squeezing parameter S2 = Sθ=−pi/4 obtained analytically
within the RWA versus the scaled time γmt for two positive values of sε (red-detuned regime). The black solid line is for sε = 0.44
and n¯m ≈ 0.01, the red-double-dotted line is for sε = 0.22 and n¯m ≈ 0.01, the blue long-dashed line is for sε = 0.44 and n¯m = 0.35,
the purple double dot-dashed line is for sε = 0.22 and n¯m ≈ 0.35, the green dashed line is for sε = 0.44 and n¯m ≈ 0.5 and the
brown dot-dashed line is for sε = 0.22 and n¯m ≈ 0.5. (c) Comparison of the temporal behaviour of the squeezing parameter
Sθ=pi/4 as predicted by the RWA (red line) and the result given by the numerical calculation beyond the RWA (black line) through
the solution of Eq. (12) including the CRTs for sε = 0.44 and n¯m = 0.01. The inset shows the tiny and fast oscillations due to the
CRTs. (d) Schematic phase-space picture of mechanical squeezing. A MO in thermal equilibrium with equal variance in conjugate
quadratures (black dotted circle) is dispersively pumped by a coherent modulated driving field at frequency ωL and power PL that
drives the MO into a state with squeezed variance of the quadrature δXˆθ=pi/4 (red dotted ellipse).
or Var(δXˆθ=−pi/4), where Var(δXˆθ) = 〈(δXˆθ)2〉 − 〈δXˆθ〉2, is less
than 1/4 the state of the MO exhibits quadrature squeezing.
The degree of squeezing can be measured by the squeezing pa-
rameter Si (i = 1, 2) defined by Si = 4Var(δXˆi)− 1 = 4V˜i − 1
where i = 1 and i = 2 co respond, respectively, to θ = pi/4 and
θ = −pi/4. Then, the condition for squeezing in the quadrature
component can b simply written as Si < 0. In the absence of
the time modulation of the driving laser (ε = 0), one has sε = 0,
λ1 = λ2 = γm/2 and consequently the squeezing parameter
reads as S1|ε=0 = S2|ε=0 = 2n¯m + 2ξ2(1− e−γmt) > 0, which
shows that neither S1 nor S2 shows quadrature squeezing in the
course of time evolution. Numerical results corresponding to the
time evolution of the squeezing parameter S1 and S2 obtained
analytically within the RWA for the case of time modulated
pumping (ε 6= 0) and for two positive values of sε (red-detuned
regime) are, respectively, shown in Figs. 3(a) and 3(b) based on
the experimentally feasible parameters given in Ref. [63]. As can
be seen, in this case one f the quadratures i always squeezed
(Sθ=pi/4 < 0) if n¯m  1. In the steady state, the squeezing pa-
rameter reaches ((C − 1) + 2C n¯m ∓ 2sε) /(1± 2sε). As can be
seen, by increasing n¯m the quadrature squeezing rapidly disap-
pears. It is evident that if n¯m  1, then %50 noise reduction in
the quadrature δXˆθ=pi/4 is achievable when sε → 0.5. Based on
the result obtained in Fig. 3(a) one can control the quadrature
squeezing of the generated Casimir phonons by the parame-
ter sε which itself is controllable through the pump power PL,
detuning ∆c, and amplitude of pump modulation ε, because
sε = 0.5ε(PL/P0)g20/(∆cγm) where P0 = h¯ωL∆
2
c/κ. In Fig. 3(c)
we compare the analytical solution based on RWA against the
numerical result beyond the RWA, obtained from the solution of
Eq. (12) including the CRTs. As is seen clearly, incorporation of
the CRTs, apart from tiny and fast oscillations in the long-time
behaviour of the mechanical squeezing, does not produce any
difference compared to the result predicted by the RWA. The
phase-space description of the mechanical squeezing is shown in
Fig. 3(d). It is clear from Eq. (22) that if sε → −sε the mechanical
squeezing is transferred from the quadrature δXˆθ=pi/4 to the
quadrature δXˆθ=−pi/4. In other words, the mechanical quadra-
tures δXˆθ=pi/4 and δXˆθ=−pi/4 exhibit squeezing, respectively, in
the red-detuned and blue-detuned regime.
The generated motional squeezing is vulnerable to the mem-
brane environment temperature such that for temperatures
higher than a critical value, Tcr, no quadrature squeezing of
the membrane occurs. To determine Tcr, we rewrite the squeez-
ing parameter for the red-detuned regime (sε > 0) as Si = A±ss +
B±e2λit (i = 1, 2 where i = 1 corresponds to “+" and i = 2 corre-
sponds to “ ") with A±ss = (C − 1 + 2C n¯m − (±2sε))/(1± 2sε)
and B± = (1 + 2n¯m)(1 − C ± 2sε)/(1 ± 2sε). The squeezing
criterion (Si < 0) requires that the onditions A±ss ≤ 0 and
B± ≤ −A±ss together with n¯m ≥ 0 are satisfied simultaneously.
It is straightforward to show that in the case of red-detuning
(0 < sε < 1/2) these conditions can only be satisfied for i = 1 re-
sulting in a constraint on the thermal excitation number n¯m, i.e.,
0 ≤ n¯m ≤ (1/2) ((1− C + 2sε)/(3C − 1 + 2sε)). It is obvious
that for the case of blue detuning (−1/2 < sε < 0) the squeezing
can only be occurred in the second quadrature (i = 2). Therefore,
considering both cases of red- and blue- detuned regime, the
squeezing condition can generally be expressed as
n¯m ≤ ncr = 12
1− C + 2 |sε|
3C − 1 + 2 |sε| , (26)
in which ((C − 1)/2) ≤ |sε| < 1/2. By using the relation C =
1 + 2ξ2/(1 + 2n¯m) and making some algebraic simplification,
the critical thermal excitation number ncr can be written as ncr =
(
√
(1 + 3ξ2)2 + 4(ξ2 + |sε|)(1 + |sε|)− (1 + 3ξ2))/(4(1 + |sε|)).
In the limiting case |sε| → 1/2 and C → 1 one finds ncr = 1/6 ≈
0.166. Now by considering n¯m = (exp(h¯ωm/kBT)− 1)−1, we
can express the squeezing condition in terms of temperature
as T ≤ Tcr where the critical temperature is given by Tcr =
h¯ωm/(kBln(1 + n−1cr )).
Based on Eq. (26) in order that the generated Casimir
phonons exhibit quadrature squeezing not only at steady state
but also during transient state, the MO should be precooled
down to its ground state that was explained in the previous sec-
tion. Moreover, numerical calculations shows that if nm & 0.45
no squeezing occurs even in the steady state.
B. phonon counting statistics
We now proceed to study the counting statistics of the generated
Casimir phonons, including autocorrelation function and the
Mandel parameter. In particular, we will show how one can ma-
FIG. 3. ( Color online) (a) Squeezing parameter S 1 = S θ=pi/4 and (b) squeezing parameter S 2 = S θ=−pi/4 obtained analytically within the
RWA versus the scaled time γmt for two positive values of sε (red-detuned regime). The black solid line is for sε = 0.44 and n¯m ≈ 0.01, the
red-double-dotted line is for sε = 0.22 and n¯m ≈ 0.01, the blue long-dashed line is for sε = 0.44 and n¯m = 0.35, the purple double dot-dashed
line is for sε = 0.22 and n¯m ≈ 0.35, the green dashed line is for sε = 0.44 and n¯m ≈ 0.5 and the brown dot-dashed line is for sε = 0.22 and
n¯m ≈ 0.5. (c) Comparison of the temporal behaviour of the squeezing parameter S θ=pi/4 as predicted by the RWA (red line) and the result given
by the numerical alculation beyond the RWA (black line) through the solutio of Eq. (12) including the CRTs for sε = 0.44 nd n¯m = 0.01.
The inset shows the tiny and fast oscillations due to the CRTs. (d) Schematic phase-space picture of mechanical squeezing. A MO in thermal
equilibrium with equal variance in conjugate quadr tures (black dotted circle) is dispersively pumped y a coherent modulated driving field at
frequency ωL and power PL that drive the MO i to a state with squeezed variance of the quadrature δXˆθ=pi/4 (red dotted ellipse).
pump laser so that its back-action on the mechanical mode can
be ignored. Therefore, the ancilla mode adiabatically follows
the membrane dynamics. Measuring the quadrature fluctua-
tion of the output field of the ancilla cavity mode can thus be
used to extract information about the mechanical quadrature
squeezing.
B. phonon counting statistics
We now proceed to study the counting statistics of the gen-
erated Casimir phonons, including autocorrelation function
and the Mandel parameter. In particular, we will show how
one can manipulate the phonon statistics through controlling
the external modulated pumping and the optomechanical pa-
rameters.
The autocorrelation func ion is propor ional to the proba-
bility of d tecting one phonon at time t+ τ, given that another
phonon was detected a earlier time t. It is defined by
g(2)(τ)=〈δˆb˜†(t)δ ˆ˜b†(t+τ)δ ˆ˜b(t+τ)δ ˆ˜b(t)〉/〈nˆ(t)〉2. (27)
When g(2)(τ)/g(2)(0) < 1 the phonons tend to distribute them-
selves preferentially in bunches rather than at random (phonon
bunching). On the other hand, if g(2)(τ)/g(2)(0) > 1, fewer
phonons pairs are detected close together than further apart
(phonon antibunching). Using the Gaussian properties of the
noise forces [69] in the steady-state, t  γ−1m , the autocorrela-
tion function in Eq. (27) can be written as
g(2)(τ)=1+
|〈δ ˆ˜b†(t)δ ˆ˜b†(t+τ)〉|2
〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2
+
|〈δ ˆ˜b†(t)δ ˆ˜b(t+τ)〉|2
〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2
, (28)
where
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Fig. 4. ( Color online) (a) Normalized autocorrelation function,
g(2)(τ)/g(2)(0), nd (b) the Mandel parameter, Q(t), obtained
analytically within the RWA versus the scaled times γmτ and
γmt. Black olid line and brown ouble-dot-dashed line corre-
spond to sε = 0.44 and init al mean phonon number n¯m ≈ 0.01
and n¯m ≈ 0.5, respectively. Red dot-dashed line and blue
dashed line correspond to sε = 0.22 and initial me phonon
number n¯m ≈ 0.01 and ¯m ≈ 0.5, respectively.
nipulate the phonon statistics through controlling the external
modulated pumping and the optomechanical parameters.
The autocorrelation function is proportional to the probability
of detecting one phonon at time t+ τ, given that another phonon
was detected at earlier time t. It is defined by
g(2)(τ)=〈δˆb˜†(t)δ ˆ˜b†(t+τ)δ ˆ˜b(t+τ)δ ˆ˜b(t)〉/〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2.(27)
When g(2)(τ)/g(2)(0) < 1 the phonons tend to distribute them-
selves preferentially in bunches rather than at random (phonon
bunching). On the other hand, if g(2)(τ)/g(2)(0) > 1, fewer
phonons pairs are detected close together than further apart
(phonon antibunching). Using the Gaussian properties of the
noise forces [67] in the steady-state, t γ−1m , the autocorrelation
function in Eq. (27) can be written as
g(2)(τ)=1 +
|〈δ ˆ˜b†(t)δ ˆ˜b†(t+ τ)〉|2
〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2
+
|〈δ ˆ˜b†(t)δ ˆ˜b(t+ τ)〉|2
〈δ ˆ˜b†(t)δ ˆ˜b(t)〉2
, (28)
where
〈δ ˆ˜b†(t)δ ˆ˜b(t+ τ)〉= 1
4
[
2C n¯m − 2sε
1+2sε
eλ1τ +
2C n¯m+2sε
1− 2se e
λ2τ)
]
+
(1+2n¯m)
4
[
1− C+2sε
1+2sε
eλ1(2t+τ) +
1− C−2sε
1− 2se e
λ2(2t+τ)
]
, (29)
〈δ ˆ˜b†(t)δ ˆ˜b†(t+ τ)〉= 1
4
[
2C n¯m−2sε
1+2sε
eλ1τ −2C n¯m+2sε
1− 2se e
λ2τ)
]
+
(1+2n¯m)
4
[
1− C+2sε
1+2sε
eλ1(2t+τ) −1− C−2sε
1− 2se e
λ2(2t+τ)
]
.(30)
In Fig. 4(a), we have plotted g(2)(τ)/g(2)(0) as a function of
γmτ for two positive values of sε (red-detuned regime) and dif-
ferent values of initial mean phonon number around the ground
state of the MO. We find that the generated Casimir phonons
exhibit bunching phenomenon which is inhibited as the control
parameter sε is increased. The manifestation of phonon bunch-
ing is attributed to the possibility of emission of two phonons
simultaneously by the phononic DCE, which is a phonon analog
of the OPA process described by the Hamiltonain of Eq. (10). As
can be seen by increasing the initial mean phonon number, the
phonon bunching decreases rapidly.
To determine the phonon counting statistics, one can calculate
the Mandel parameter as follows
Q(t) = (〈δ ˆ˜b†2δ ˆ˜b2〉 − 〈δ ˆ˜b†δ ˆ˜b〉2)/〈δ ˆ˜b†δ ˆ˜b〉. (31)
For Q > 0 (Q < 0), the statistics is super-Poissonian (sub-
Poissonian); Q = 0 stands for Poissonian statistics. To calculate
the Mandel parameter, we note that the operator δ ˆ˜b can be de-
composed into two parts: δ ˆ˜b(t) = δ ˆ˜bd(t) + δ
ˆ˜bs(t) where
δ ˆ˜bd(t) = δ ˆ˜X(0)e
λ1t + iδ ˆ˜P(0)eλ2t,
δ ˆ˜bs(t)= eλ1t
∫ t
0
dt′e−λ1t′ ˆ˜Xin(t′)+ieλ2t
∫ t
0
dt′e−λ2t′ ˆ˜Pin(t′),(32)
characterize the deterministic and stochastic evolutions of the
MO, respectively. Therefore, we get
〈δ ˆ˜b†2δ ˆ˜b2〉 = 〈δ ˆ˜b†2d (t)δ ˆ˜b2d(t)〉+ 2〈δ ˆ˜b†s (t)δ ˆ˜bs(t)〉2 + |〈δ ˆ˜b2s (t)〉|2
+2Re〈δ ˆ˜b2d(t)〉〈δ ˆ˜b†2s (t)〉+ 4〈δ ˆ˜b†d(t)δ ˆ˜bd(t)〉〈δ ˆ˜b†s (t)δ ˆ˜bs(t)〉, (33)
where
〈δ ˆ˜b2s 〉 =
γm
4
C(1 + 2n¯m)
[
e2λ1t − 1
2λ1
− e
2λ2t − 1
2λ2
]
+
i
2
(C − 1)(1 + 2n¯m)(e−γmt − 1), (34a)
〈δ ˆ˜b†s δ ˆ˜bs〉 =
γm
4
C(1 + 2n¯m)
[
e2λ1t − 1
2λ1
+
e2λ2t − 1
2λ2
]
+
1
2
(e−γmt − 1), (34b)
〈δ ˆ˜b†2d δ ˆ˜b2d〉 = R1(e4λ1t + e4λ2t) + R2e−γmt(e2λ1t + e2λ2t)
+R3e−2γmt, (34c)
〈δ ˆ˜b†dδ ˆ˜bd〉 =
(1 + 2n¯m)
4
(e2λ1t + e2λ2t)− 1
2
e−γmt, (34d)
〈δ ˆ˜b2d〉 =
(1 + 2n¯m)
4
(e2λ1t − e2λ2t), (34e)
with R1 = (3 + 6〈n〉th + 6〈n2〉th)/16, R2 = −(1 + 2〈n〉th)/2,
R3 = (10+ 4〈n〉th + 4〈n2〉th)/16 where 〈n〉th = n¯m and 〈n2〉th =
2n¯2m + n¯m. Figure 4(b) illustrates the Mandel parameter for the
generated Casimir phonons as a function of γmt for two positive
values of sε (red-detuned regime) and different values of n¯m. As
is seen, the generated Casimir phonons exhibit super-Poissonian
statistics. With increasing the parameter sε (for instance, through
increasing the power of driving laser or amplitude of modula-
tion) the Mandel parameter increases (enhancement of super-
Poissonian statistics), and it is finally stabilized at an asymptotic
value. Moreover, the rate in reaching the asymptotic value is in-
versely proportional to sε; the smaller sε is, the more rapidly the
Mandel parameter tends to the asymptotic value. Furthermore,
super-Poissonian statistics enhances by increasing the initial
mean phonon number for the same value of sε. From Eqs. (28)-
(34) one can easily check that both the autocorrelation function
and the Mandel parameter are invariant under the replacements
sε→−sε and λ1 ↔ λ2. This means that the phonon statistics
of the generated Casimir phonons is the same in both red-and
blue- detuned regimes. Moreover, numerical calculations of
the autocorrelation function and the Mandel parameter beyond
the RWA (not shown here) reveal that the CRTs do not lead to
any significant effect on the temporal behaviour of the phonon
statistics.
4. DISPLACEMENT SPECTRUM OF THE MO
We next proceed to calculate the steady-state displacement spec-
trum of the MO. We show that monitoring the linewidth of the
FIG. 4. ( Color onlin ) (a) Nor alized autocorr lation function,
g(2)(τ)/g(2)(0), and (b) the Mandel parameter, Q(t), obtain analyt-
ically within the RWA versus the scaled times γmτ and γmt. Black
solid line and brown double-dot-dashed line correspond to sε = 0.44
and initial mean phonon number n¯m ≈ 0.01 and n¯m ≈ 0.5, re-
spectively. Red dot-dashed line and blue dashed line correspond to
sε = 0.22 and initial mean phonon number n¯m ≈ 0.01 and n¯m ≈ 0.5,
respectively.
〈δ ˆ˜b†(t)δ ˆ˜b(t+τ)〉= 1
4
[
2Cn¯m − 2sε
1+2sε
eλ1τ +
2Cn¯m+2sε
1 − 2se e
λ2τ)
]
+
(1+2n¯m)
4
[
1−C+2sε
1+2sε
eλ1(2t+ ) +
1−C−2sε
1 − 2se e
λ2(2t+τ)
]
, (29)
〈δ ˆ˜b†(t)δ ˆ˜b†(t+τ)〉= 1
4
[
2Cn¯m−2sε
1+2sε
eλ1τ −2Cn¯m+2sε
1 − 2sε e
λ2τ)
]
+
(1+2n¯m)
4
[
1−C+2sε
1+2sε
eλ1(2t+τ)−1−C−2sε
1 − 2sε e
λ2(2t+τ)
]
. (30)
In Fig. 4(a), we have plotted g(2)(τ)/g(2)(0) as a function of
γmτ for two positive values of sε (red-detuned regime) and
different values of initial mean phonon number around the
ground state of the MO. We find that the generated Casimir
phonons exhibit bunching phenomenon which is inhibited as
the control parameter sε is increased. The manifestation of
phonon bunching is attributed to the possibility of emission of
two phonons simultaneously by the phononic DCE, which is a
8phonon analog of the OPA process described by the Hamilton-
ain of Eq. (10). As can be seen by increasing the initial mean
phonon number, the phonon bunching decreases rapidly.
To determine the phonon counting statistics, one can calcu-
late the Mandel parameter as follows
Q(t) = (〈δ ˆ˜b†2δ ˆ˜b2〉 − 〈δ ˆ˜b†δ ˆ˜b〉2)/〈δ ˆ˜b†δ ˆ˜b〉. (31)
For Q > 0 (Q < 0), the statistics is super-Poissonian (sub-
Poissonian); Q = 0 stands for Poissonian statistics. To calcu-
late the Mandel parameter, we note that the operator δ ˆ˜b can be
decomposed into two parts: δ ˆ˜b(t) = δ ˆ˜bd(t) + δ ˆ˜bs(t) where
δ ˆ˜bd(t)=δ ˆ˜X(0)eλ1t + iδ ˆ˜P(0)eλ2t, (32)
δ ˆ˜bs(t)=eλ1t
∫ t
0
dt′e−λ1t
′ ˆ˜Xin(t′)+ieλ2t
∫ t
0
dt′e−λ2t
′ ˆ˜Pin(t′), (33)
characterize the deterministic and stochastic evolutions of the
MO, respectively. Therefore, we get
〈δ ˆ˜b†2δ ˆ˜b2〉 = 〈δ ˆ˜b†2d (t)δ ˆ˜b2d(t)〉+ 2〈δ ˆ˜b†s(t)δ ˆ˜bs(t)〉2+|〈δ ˆ˜b2s(t)〉|2
+2Re〈δ ˆ˜b2d(t)〉〈δ ˆ˜b†2s (t)〉+4〈δ ˆ˜b†d(t)δ ˆ˜bd(t)〉〈δ ˆ˜b†s(t)δ ˆ˜bs(t)〉, (34)
where
〈δ ˆ˜b2s〉=
γm
4
C(1 + 2n¯m)
[
e2λ1t − 1
2λ1
− e
2λ2t − 1
2λ2
]
+
i
2
(C − 1)(1 + 2n¯m)(e−γmt − 1), (35a)
〈δ ˆ˜b†sδ ˆ˜bs〉 =
γm
4
C(1 + 2n¯m)
[
e2λ1t − 1
2λ1
+
e2λ2t − 1
2λ2
]
+
1
2
(e−γmt − 1), (35b)
〈δ ˆ˜b†2d δ ˆ˜b2d〉 = R1(e4λ1t + e4λ2t) + R2e−γmt(e2λ1t + e2λ2t)
+R3e−2γmt, (35c)
〈δ ˆ˜b†dδ ˆ˜bd〉 =
(1 + 2n¯m)
4
(e2λ1t + e2λ2t) − 1
2
e−γmt, (35d)
〈δ ˆ˜b2d〉 =
(1 + 2n¯m)
4
(e2λ1t − e2λ2t), (35e)
with R1 = (3 + 6〈n〉th + 6〈n2〉th)/16, R2 = −(1 + 2〈n〉th)/2,
R3 = (10 + 4〈n〉th + 4〈n2〉th)/16 where 〈n〉th = n¯m and 〈n2〉th =
2n¯2m + n¯m. Figure 4(b) illustrates the Mandel parameter for
the generated Casimir phonons as a function of γmt for two
positive values of sε (red-detuned regime) and different val-
ues of n¯m. As is seen, the generated Casimir phonons exhibit
super-Poissonian statistics. With increasing the parameter sε
(for instance, through increasing the power of driving laser
or amplitude of modulation) the Mandel parameter increases
(enhancement of super-Poissonian statistics), and it is finally
stabilized at an asymptotic value. Moreover, the rate in reach-
ing the asymptotic value is inversely proportional to sε; the
smaller sε is, the more rapidly the Mandel parameter tends to
the asymptotic value. Furthermore, super-Poissonian statis-
tics enhances by increasing the initial mean phonon number
for the same value of sε. From Eqs. (28)-(35) one can eas-
ily check that both the autocorrelation function and the Man-
del parameter are invariant under the replacements sε→−sε
and λ1 ↔ λ2. This means that the counting statistics of the
generated Casimir phonons is the same in both red-and blue-
detuned regimes. Moreover, numerical calculations of the au-
tocorrelation function and the Mandel parameter beyond the
RWA (not shown here) reveal that the CRTs do not lead to
any significant effect on the temporal behaviour of the phonon
statistics.
We point out that the counting statistics of the generated
phonons can be experimentally readout based on the method
introduced in Ref. [70]. Photons from an external pump laser
are scattered by phonons of the vibrating membrane. Sending
the cavity output through a series of narrowband optical filters
centered on the cavity resonance suppresses the pump so that
photon counting events will correspond directly to counting
phonon emission or absorption events. Furthermore, detect-
ing the filtered optical cavity output in a Hanbury-Brown and
Twiss setup to measure the second-order photon correlation
function will provide a direct readout of the second-order cor-
relation function of the generated phonons.
IV. DISPLACEMENT SPECTRUM OF THE MO
We next proceed to calculate the steady-state displacement
spectrum of the MO. We show that monitoring the linewidth
of the displacement spectrum of the MO provides a way to
identify the generation of the Casimir phonons. The sym-
metrized displacement spectrum of the MO is defined by [64]
S xx(ω)=
1
4pi
∫
dΩ〈δXˆ(ω)δXˆ(Ω)+δXˆ(Ω)δXˆ(ω)〉ei(ω+Ω)t. (36)
By Fourier transforming Eqs. 14(a) and 14(b) into the fre-
quency domain, one gets
δXˆ(ω) = χm(ω)
[
χεδPˆ(ω) + Xˆin(ω)
]
, (37a)
δPˆ(ω) = χm(ω)
[
χεδXˆ(ω) + Pˆin(ω)
]
, (37b)
where χm(ω) = 1/(γm/2− iω) is the mechanical susceptibility.
By solving the set of algebraic equation 37(a) and 37(b) one
can find the displacement of the MO in terms of input noises
as follows
δXˆ(ω) = Gx(ω)Xˆin(ω) +Gp(ω)Pˆin(ω), (38)
where Gp(ω) = χεχm(ω)Gx(ω) and Gx(ω) =
χm(ω)/
(
1 − χ2εχ2m(ω)
)
. Using the correlation functions in the
Fourier space, i.e., 〈Xˆin(ω)Xˆin(Ω)〉 = γm/4(1 + 2n¯m)δ(ω + Ω),
〈Pˆin(ω)Pˆin(Ω)〉 = γm/4
(
(1 + 2n¯m) + 4ξ2
)
δ(ω + Ω) and
〈Xˆin(ω)Pˆin(Ω)〉 = −〈Pˆin(ω)Xˆin(Ω)〉 = i/2δ(ω + Ω) together
with the relations χm(−ω) = χ∗m(ω) and G j(−ω) = G∗j(ω)
( j = x, p), the symmetrized displacement spectrum of the
MO will be obtained as
S xx(ω˜)=
1
D(ω˜)
[
(1+2n¯m)(1+4ω˜2)+4s2ε
(
(1+2n¯m)+4ξ2
)]
, (39)
where D(ω˜) = 16γm
[
ω˜2 +
(
(1 − 4s2ε)/4 − ω˜2
)2]
and ω˜ =
(ω − Ωm)/γm. There are two contributions in Eq. (39); the
9first term in the bracket represents the contribution of the in-
put noise quadrature Xˆin, while the second term accounts for
the contribution of the input noise Pˆin. In the absence of time
modulation of the driving laser (ε = 0) only the contribu-
tion of the input noise quadrature Xˆin will survive and the
displacement spectrum of Eq. (39) reduces to S¯ xx|ε=0(ω˜) =
(1 + 2n¯m/γm)
[
1/(1 + 4ω˜2)
]
which is a Lorentzian with width
γm centered at ω = Ωm. This can also be understood from
the equations of motion 14(a) and 14(b) which are decou-
pled when the modulation is switched off and consequently
the time evolution of the mechanical quadrature δXˆ is simply
given by δXˆ(t) = e−γm/2t
(
δXˆ0 +
∫ t
0 Xˆin(t
′)eγmt′
)
.
To examine how the displacement spectrum of the MO is
affected by the time modulation of the driving laser, we have
plotted in Fig. (5) the normalized spectrum S xx(ω˜)/S xx(0)
versus the dimensionless frequency ω˜ for two positive values
of sε (red-detuned regime) as well as for the case of no mod-
ulation (ε = 0). As can be seen, with increasing the value
of sε (e.g., through varying the driving laser parameters) the
width of the spectrum gets narrower while its peak remains
unaltered. In other words, with increasing the value of the
amplitude of modulation the quadrature squeezing increases,
and therefore the width of the spectrum becomes narrower.
Since the creation of the Casimir phonons is attributed to the
amplitude modulation of the driving laser, the comparison of
the width of the displacement spectrum of the MO in the pres-
ence of the time-modulated pumping with one that is obtained
by constant pumping provides a way to identify the genera-
tion of the Casimir phonons. Moreover, as is evident from
Eq. (39), the displacement spectrum of the MO is invariant
under the replacement sε → −sε, indicating that the shape
of the spectrum is the same for both red- and blue- detuned
regimes. The only difference is that the peak of the spec-
trum in the red detuning and blue detuning cases is centered
at ω = ΩredCasimir = ωm − 2|χ0| and ω = ΩblueCasimir = ωm + 2|χ0|,
respectively. Moreover, numerical calculation of the displace-
ment spectrum beyond the RWA (not shown here) reveals that
the contribution of the CRTs leads only to a negligible shift of
the peak position of the spectrum.
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FIG. 5. ( Color online) Normalized symmetric displacement spec-
trum of the MO, obtained analytically within the RWA, versus ω˜ =
(ω − Ωm)/γm for two positive values of sε = 0.22 (red dashed line)
and sε = 0.44 (black solid line) corresponding to the red-detuned
regime. The spectrum for the case sε = 0 (blue dot-dashed line) is
plotted for comparison.
V. CONCLUSIONS
In summary, we have shown that the coherent modula-
tion of the driving laser in the far-detuned regime of cav-
ity optomechanics leads to the parametric amplification of
the mechanical vacuum fluctuations of the MO or Casimir
phonon generation over time scales longer than the cavity
lifetime. The generated Casimir phonons exhibit bunching,
super-Poissonian statistics and quadrature squeezing which
are controllable by the parameters of the driving laser as the
external control parameters. The maximum available mechan-
ical noise reduction is about 50% which is limited by the tem-
perature of the phonon bath such that for temperatures higher
than a critical value, there will no longer be squeezing in the
MO. The critical temperature depends on the optomechani-
cal and the modulation parameters. We have shown how by
controlling the optomechancial parameters one can control the
noise induced to the MO by the cavity mode. Our suggested
scheme for controllable generation of the Casimir phonons in
a membrane-in-the-middle optomechanical system is realis-
able in the dispersive regime for experimentally feasible pa-
rameters of the system. We have also found that the time
modulation of the driving laser leads to the linewidth narrow-
ing of the displacement spectrum of the MO which in turn is
a signature of the generation of the Casimir phonons.
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